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Abstract
We generalize the construction of Gelfand-Dikii brackets to the case of nonstandard
Lax equations. We also discuss the possible origin of Kac-Moody algebras present in such
systems.
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I. Introduction:
Most integrable systems [1,2] can be understood in terms of pseudo-differential oper-
ators as follows [3,4]. Consider, for simplicity, the formal pseudo- differential operator of
the form
Ln = ∂
n + u−1∂
n−1 + u0∂
n−2 + . . .+ un−2 (1)
where ‘∂’ stands for the derivative operator ∂∂x and the coefficient functions, ui(x, t),
represent dynamical variables. Then,
∂Ln
∂tk
=
[(
Lk/nn
)
+
, Ln
]
= −
[(
Lk/nn
)
−
, Ln
]
(2)
with k any positive integer which is not a multiple of n defines a set of evolution equations
(nonlinear) for the dynamical variables, ui(x, t), which are integrable. Here
(
L
k/n
n
)
−((
L
k/n
n
)
+
)
denotes the part of the pseudo-differential operator
(
L
k/n
n
)
containing only
negative (non negative) powers of ∂ and the system of equations is conventionally known
as the generalized KdV hierarchy. The conserved quantities (Hamiltonians) for the system
can be seen to correspond to (for more details see ref. 4)
Hk =
n
k
Tr (Ln)
k/n
≡
n
k
∫
dx Res
(
Lk/nn
) (3)
where Res (Residue) of a pseudo-differential operator is defined to be the coefficient of
∂−1. These conserved charges can be easily seen from Eqs. (2) and (3) to be in involution
which is necessary for the integrability of the system.
Given a pseudo-differential operator as in Eq. (1), one can define a dual operator
Qn = ∂
−nq−1 + ∂
−n+1q0 + . . .+ ∂
−1qn−2 (4)
which allows us to define linear functionals of the dynamical variables, ui(x, t), as
FQn(Ln) = Tr LnQn =
n−2∑
i=−1
∫
dx ui(x)qi(x) (5)
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Given this, it can be shown that the Lax equation in Eq. (2) is Hamiltonian with re-
spect to the following Gelfand-Dikii brackets [3] (Hamiltonian structures) for appropriate
Hamiltonians in Eq. (3).
{
FQn(Ln), FVn(Ln)
}
1
= Tr Ln[Qn, Vn]{
FQn(Ln), FVn(Ln)
}
2
= Tr
(
QnLn(VnLn)+ − LnQn(LnVn)+)
= Tr ((Ln(VnLn)+ − (LnVn)+Ln)Qn)
(6)
If we set u−1 = 0 in Eq. (1) (which is consistent with the dynamical equations
in Eq. (2)), it can be easily checked that the presence or absence of the term ∂−nq−1
in the dual makes no difference in the definitions of FQn(Ln) and the first Hamiltonian
structure. However, the structure of the second Hamiltonian structure requires that q−1 be
constrained for the Lax equation to be Hamiltonian with respect to the second Hamiltonian
structure [4]. Alternately, one can modify the second Hamiltonian structure in such a case
to be {
FQn(Ln), FVn(Ln)
}′
2
= Tr (QnLn(VnLn)+ − LnQn(LnVn)+)
+
1
n
∫
dx
( ∫ x
Res [Qn, Ln]
)
Res [Vn, Ln]
(7)
There is a second class of integrable systems which have a nonstandard Lax represen-
tation [5]. For simplicity, let us consider the equations describing dispersive water waves
(conventionally, J0 = u, J1 = h and prime denotes derivative with respect to x)
∂J0
∂t
=
(
2J1 + J
2
0 − J
′
0
)′
∂J1
∂t
=
(
2J0J1 + J
′
1
)′ (8)
It is easy to check [5] that if we choose the pseudo-differential operator
L = ∂ − J0 + ∂
−1J1
then Eq. (8) can be written in the Lax form
∂L
∂t
=
[
L,
(
L2
)
≥1
]
(9)
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where
(
L2
)
≥1
stands for the purely differential part of the pseudo-differential operator L2
(with terms an∂
n, n ≥ 1). It is easy to check again that the conserved quantities of the
system (which are in involution) are given by
Hn = Tr L
n =
∫
dx Res Ln n = 1, 2, 3, . . . (10)
The first few Hamiltonians can be directly read out from Eq. (10) to be
H1 =
∫
dx J1 H2 =
∫
dx J0J1 H3 =
∫
dx
(
J21 − J
′
0J1 + J1J
2
0
)
(11)
The set of equations (8) can be written in the Hamiltonian form with the Poisson brackets{
J0(x), J0(y)
}
1
= 0 =
{
J1(x), J1(y)
}
1{
J0(x), J1(y)
}
1
=
∂
∂x
δ(x− y) = ∂xδ(x− y)
(12)
as
∂J0
∂t
=
{
J0(x), H3
}
1
∂J1
∂t
=
{
J1(x), H3
}
1
(13)
This defines the first Hamiltonian structure of the system. However, we note that with{
J0(x), J0(y)
}
2
= 2∂xδ(x− y)
{
J0(x), J1(y)
}
2
= J0(y)∂xδ(x− y)− ∂
2
xδ(x− y){
J1(x), J0(y)
}
2
= J0(x)∂xδ(x− y) + ∂
2
xδ(x− y){
J1(x), J1(y)
}
2
=
(
J1(x) + J1(y)
)
∂xδ(x− y)
(14)
we can also write the equations in (8) as
∂J0
∂t
=
{
J0(x), H2
}
2
∂J1
∂t
=
{
J1(x), H2
}
2
(15)
The Hamiltonian structure in Eq. (14) defines the second structure of the theory. While
these Hamiltonian structures have been obtained directly from the structure of the equa-
tions of motion as well as from other methods [6-9], a Gelfand-Dikii construction for them
4
is so far lacking. In this letter, we would generalize the Gelfand-Dikii brackets to nonstan-
dard Lax equations and bring out some connections with the Kac-Moody algebras and
covariant Lax operators.
In closing this section, we note that the set of equations (8) can be mapped on to the
nonlinear Schro¨dinger equation with the identifications
J0 = −
ψ′
ψ
J1 = ψψ
(15′)
and appropriate scaling of the variables x and t. Recently, there has been a lot of interest
in this system [6-10] from various points of view. The construction of the Gelfand-Dikii
brackets for such systems is, therefore, of significance.
II. Gelfand-Dikii Brackets:
Given the pseudo-differential operator
L = ∂ − J0 + ∂
−1J1
= ∂ + J0 + ∂
−1J1
(
J0 = −J0 J1 = J1
) (16)
let us define the dual as
Q = q0 + q1∂
−1 (17)
We can now define a linear functional of
(
J0, J1
)
as
FQ(L) = Tr LQ =
1∑
i=0
∫
dx q1−i(x)J i(x) (18)
It is now straightforward to check that
{FQ(L), FV (L)}1 = Tr L[Q, V ]
does, indeed, reproduce the first Hamiltonian structure in Eq. (12). However, the defini-
tions of the brackets for the second structure in Eq. (6) or (7) fail to give the Hamiltonian
structure in Eq. (14). On the other hand, it is clear that we are dealing here with a non-
standard Lax representation and consequently, the definitions of the Gelfand-Dikii brackets
in Eqs. (6) and (7) may need to be modified.
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To understand the structure of the Gelfand-Dikii brackets in the present case, let us
note that with
∂ω = J0 = −J0 (19)
we have
e−ω∂eω = ∂ + J0 = ∂ − J0 ≡ D
e−ω∂neω = Dn =
(
∂ + J0
)n
=
(
∂ − J0
)n (20)
where n is any integer, positive or negative. Given this, we note that
L = ∂ − J0 + ∂
−1J1
= eωLˆe−ω
(21)
where
Lˆ = D + J0 +D
−1J1 = D − J0 +D
−1J1 (22)
It is now straightforward to check that
∂Lˆ
∂t
=
[
Lˆ,
((
Lˆ
)2)
+
]
(23)
gives
D−1
∂J1
∂t
−D−1
∂J0
∂t
D−1J1 = D
−1 (2J0J1 + J
′
1)
′
−D−1
(
2J1 + J
2
0 − J
′
0
)′
D−1J1 (24)
Comparing, we see that these give the same equations as in Eq. (8). Thus, we note that the
equations (8) can be written in a standard Lax form with the pseudo-differential operator
Lˆ which is expanded in the basis D. The Gelfand-Dikii brackets would now follow. Let us
define the dual as
Qˆ = q0 + q1D
−1 = e−ωQeω (25)
so that
FQˆ(Lˆ) = Tr LˆQˆ = Tr LQ = FQ(L) =
1∑
i=0
∫
dx q1−i(x)J i(x) (26)
It follows now that {
FQˆ(Lˆ), FVˆ (Lˆ)
}
1
= Tr Lˆ[Qˆ, Vˆ ]
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would lead to the first Hamiltonian structure of the system. Using Eqs. (21), (25) and
(26) it follows then that
{FQ(L), FV (L)}1 = Tr L[Q, V ] (27)
would lead to the first Hamiltonian structure for the system as we have noted earlier.
The second Hamiltonian structure for a standard Lax representation is defined to be
(see Eq. (6)) {
FQˆ(Lˆ), FVˆ (Lˆ)
}
2
= Tr
((
Lˆ
(
Vˆ Lˆ
)
+
−
(
LˆVˆ
)
+
Lˆ
)
Qˆ
)
(28)
However, a little analysis reveals that Lˆ(Vˆ Lˆ)+ − (LˆVˆ )+Lˆ is a pseudo-differential operator
of leading order zero. From Eqs. (23) and (24), it then follows that this definition cannot
describe the Lax equation as a Hamiltonian equation. (This is similar to the constrained
case u−1 = 0 we discussed earlier. See ref. 4 for details.) To remedy this, we define
Qˆ = q−1D + q0 + q1D
−1 = q−1D + Qˆ
Vˆ = v−1D + v0 + v1D
−1 = v−1D + Vˆ
(29)
and note that
F
Qˆ
(Lˆ) = FQˆ(Lˆ) = FQ(L) (30)
However, we observe that (Lˆ(Vˆ Lˆ)+ − (LˆVˆ )+Lˆ) will now be an operator of leading order
−1 provided
v−1J1 = v1 (31)
In other words, the system becomes a constrained one similar to the case of generalized
KdV hierarchy which we have discussed earlier. The appropriate definition of the second
Hamiltonian structure is, then,{
FQˆ(Lˆ), FVˆ (Lˆ)
}
2
= Tr
((
Lˆ
(
Vˆ Lˆ
)
+
−
(
LˆVˆ
)
+
Lˆ
)
Qˆ
)
(32)
with constraints on q−1 and v−1 of the type in Eq. (31) and it is straightforward to check
that this indeed reproduces the second Hamiltonian structure of Eq. (14). Transforming
this back to the original variables we see that with
Q = q−1∂ +Q
V = v−1∂ + V
(33)
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where
q−1J1 = q1
v−1J1 = v1
(34)
the second Hamiltonian structure can be obtained from
{FQ(L), FV (L)}2 = Tr
((
L
(
V L
)
+
−
(
LV
)
+
L
)
Q
)
(35)
It is interesting to note that while the definition of the dual as in Eq. (29) or (33) does
not change the definition of the linear functional (see Eq. (30)), it affects the structure of
the first Hamiltonian structure. (This is different from the case of the generalized KdV
hierarchy.) It is, therefore, more appropriate to leave the definition of the dual unchanged
in the present case and modify, instead, the definition of the second bracket to be{
FQˆ(Lˆ), FVˆ (Lˆ)
}
2
= Tr
((
Lˆ(Vˆ Lˆ)+ − (LˆVˆ )+Lˆ)Qˆ
)
+
∫
dx
[( ∫ x
Res [Qˆ, Lˆ]
)
Res [Vˆ , Lˆ]
+ Res [Qˆ, Lˆ] Res
(
D−1LˆVˆ
)
− Res [Vˆ , Lˆ] Res
(
D−1LˆQˆ
)] (36)
In terms of the original variables, this would then give{
FQ(L), FV (L)
}
2
= Tr ((L(V L)+ − (LV )+L)Q)
+
∫
dx
[(∫ x
Res [Q,L]
)
Res [V, L]
+ Res [Q,L] Res
(
∂−1LV
)
− Res [V, L] Res
(
∂−1LQ
)] (37)
These brackets are by definition antisymmetric and give the Hamiltonian structure in Eq.
(14) which we know to satisfy the Jacobi identity.
III. Kac-Moody Algebras:
The second Hamiltonian structure of integrable systems, in general, corresponds to
interesting, nontrivial symmetry algebras. Thus, for example, the Virasoro algebra arises
as the second Hamiltonian structure of the KdV equation [11] whereas the Boussinesq
equation has the W3-algebra as its second Hamiltonian structure [12] and so on. In the
present case, we note that while
{J0(x), J0(y)}2 = 2∂xδ(x− y)
8
represents the U(1) current algebra, the entire second Hamiltonian structure in Eq. (14)
does not appear familiar. We note, however, that if we define
J(x) = J0(x)
T (x) = J1(x)−
1
2
J ′0(x)
(38)
then, the algebra in terms of these variables becomes
{J(x), J(y)}2 = 2∂xδ(x− y)
{T (x), J(y)}2 = J(x)∂xδ(x− y)
{T (x), T (y)}2 = (T (x) + T (y))∂xδ(x− y) +
1
2
∂3xδ(x− y)
(39)
We recognize this as the Virasoro-Kac-Moody algebra for a U(1) current [13,14]. Since both
the KdV and the nonlinear Schro¨dinger equation can be obtained from a zero curvature
condition associated with SL(2,R), a hidden Virasoro algebra in the nonlinear Schro¨dinger
equation may have been expected. It is, however, interesting to find a Virasoro-Kac-Moody
algebra hidden in the nonlinear Schro¨dinger equation (see Eq. (15′)).
We also note that we can define a new spin-2 generator as
W (x) = T (x)−
1
4
J2(x) = J1(x)−
1
2
J ′(x)−
1
4
J2(x) (40)
and it would satisfy the Virasoro subalgebra. However, with this redefinition, it is easy to
see that the algebra (39) decouples to
{J(x), J(y)}2 = 2∂xδ(x− y)
{W (x), J(y)}2 = 0
{W (x),W (y)}2 =
(
W (x) +W (y)
)
∂xδ(x− y) +
1
2
∂3xδ(x− y)
(41)
It is interesting to note that the definition in Eq. (40) is a Miura transformation which
maps the KdV equation to the mKdV equation [15]. The Hamiltonian structure in Eq.
(41) can again be thought of as a direct sum of the Hamiltonian structures for the mKdV
and the KdV systems. However, we note that while the integral of T (= H1) is a conserved
quantity of the system, integral of W is not conserved. Consequently, it is more natural
to discuss the algebra in the basis of J and T [14].
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Kac-Moody algebras are known to arise within the context of pseudo-differential op-
erators when the basis of expansion is a gauge covariant derivative [13,14]. We do not fully
understand yet the origin of the Kac-Moody algebras in the present system. However, we
offer the following observations as providing a possible connection. Note that we can write
L = ∂ − J0 + ∂
−1J1
= ∂−1
(
∂2 − ∂J0 + J1
)
= ∂−1
(
D2 +W
)
= ∂−1L
(42)
where we have defined
D = ∂ −
1
2
J0
W = J1 −
1
2
J ′0 −
1
4
J20
L = D2 +W
(43)
We can think of D as a covariant derivative and consequently, the pseudo-differential
operator L can be thought of as a covariant generalization of the Lax operator for the
KdV system which is known [13,14] to lead to a Virasoro-Kac-Moody algebra. However,
more work is needed to understand the connection with the Kac-Moody algebras fully.
IV. Conclusion:
We have proposed a generalization of the Gelfand-Dikii brackets to the case of nonstan-
dard Lax equations. Although our discussion has been entirely within the context of the
dispersive water wave equations (which can also be mapped to the nonlinear Schro¨dinger
equation), the method is quite general and would extend readily to other nonstandard
equations. We have tried to bring out the hidden Virasoro-Kac Moody algebra in the
second Hamiltonian structure of the system and have offered some partial explanation for
its origin. However, more work is needed for a deeper understanding of this question.
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